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Abstract 


Dyson’s model on interacting Brownian particles is a stochastic dy¬ 
namics consisting of an infinite amount of particles moving in K with a 
logarithmic pair interaction potential. For this model we will prove that 
each pair of particles never collide. 

The equilibrium state of this dynamics is a determinantal random 
point field with the sine kernel. We prove for stochastic dynamics given 
by Dirichlet forms with determinantal random point fields as equilibrium 
states the particles never collide if the kernel of determining random point 
fields are locally Lipschitz continuous, and give examples of collision when 
Holder continuous. 

In addition we construct infinite volume dynamics (a kind of infinite 
dimensional diffusions) whose equilibrium states are determinantal ran¬ 
dom point fields. The last result is partial in the sense that we simply 
construct a diffusion associated with the maximal closable part of canon¬ 
ical pre Dirichlet forms for given determinantal random point fields as 
equilibrium states. To prove the closability of canonical pre Dirichlet 
forms for given determinantal random point fields is still an open prob¬ 
lem. We prove these dynamics are the strong resolvent limit of finite 
volume dynamics. 

1 Introduction 

Dyson’s model on interacting Brownian particles in infinite dimension is an in¬ 
finitely dimensional diffusion process formally given by the following 

stochastic differential equation (SDE): 



( 1 . 1 ) 
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where {-BJ} is an infinite amount of independent one dimensional Brownian 
motions. The corresponding unlabeled dynamics is 

OO 

( 1 - 2 ) 

i=l 

Here 8. denote the point mass at •. By definition Xj is a 0-valued diffusion, 
where 0 is the set consisting of configurations on R; that is, 

0 = {d = ; cci G R, d({|a:| < r}) < oo for all r G R}. (1.3) 

i 

We regard 0 as a complete, separable metric space with the vague topology. 

In m Spohn constructed an unlabeled dynamics (HID in the sense of a 
Markovian semigroup on B^(0, fi). Here /r is a probability measure on (0, *8(0)) 
whose correlation functions are generated by the sine kernel 

Ksin(a:) = — sin(7ra;). (1.4) 

TTX 

(See Section [2D • Here 0 < p < 1 is a constant related to the density of the 
particle. Spohn indeed proved the closability of a non-negative bilinear form 
(f,Boo) on 

£:(f,fl)= / D[f,0](0)dp, (1.5) 

Je 

Boo = {f G n l2(0, f) < oo}. 

Here ID) is the square field given by (12.81) and is the set of the local smooth 
functions on 0 (see Section O for the definition). The Markovian semi-group is 
given by the Dirichlet form that is the closure {£,T>) of this closable form on 

i'(0,M). 

The measure /i is an equilibrium state of (II2D, whose formal Hamiltonian 
'H = %[e) is given by {9 = X)* 

'H[e) =^-2\og\xi-Xjl ( 1 . 6 ) 

which is a reason we regard Spohn’s Markovian semi-group is a correspondent 
to the dynamics formally given by the SDE (11.11) and (II2D. 

We remark the existence of an L^-Markovian semigroup does not imply 
the existence of the associated diffusion in general. Here a diffusion means 
(a family of distributions of) a strong Markov process with continuous sample 
paths starting from each 0 G 0. 

In [3 it was proved that there exists a diffusion ({Pejege, {X*}) with state 
space 0 associated with the Markovian semigroup above. This construction 
admits us to investigate the trajectory-wise properties of the dynamics. In the 
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present paper we concentrate on the collision property of the diffusion. The 
problem we are interested in is the following: 

Does a pair of particles {XI, X^) that collides each other for some time 0 < t < 
oo exist ? 

We say for a diffusion on 0 the non-collision occurs if the above property 
does not hold, and the collision occurs if otherwise. 

If the number of particles is finite, then the non-collision should occur at 
least intuitive level. This is because drifts y- 37 - have a strong repulsive effect. 
When the number of the particles is infinite, the non-collision property is non¬ 
trivial because the interaction potential is long range and un-integrable. We will 
prove the non-collision property holds for Dyson’s model in infinite dimension. 

Since the sine kernel measure is the prototype of determinantal random point 
fields, it is natural to ask such a non-collision property is universal for stochastic 
dynamics given by Dirichlet forms with the replacement of the measure 
with general determinantal random point fields. We will prove, if the kernel of 
the determinantal random point field (see (12.31) 1 is locally Lipschitz continuous, 
then the non-collision always occurs. In addition, we give an example of deter¬ 
minantal random point fields with Holder continuous kernel that the collision 
occurs. 

The second problem we are interested in this paper is the following: 

Does there exist 0-valued diffusions associated with the Dirichlet forms (Sj'D) 
on L^(0,/i) when /i is determinantal random point fields ? 

We give a partial answer for this in Theorem 12.51 

The organization of the paper is as follows: In Section[2]we state main theo¬ 
rems. In Section[3]we prepare some notion on configuration spaces. In Section|4] 
we prove Theorem 12.21 and Theorem 12.31 In Section [5] we prove Proposition l2.9l 
and Theorem In Section [5] we prove Theorem 12.51 Our method proving 
Theorem IQ can be applied to Gibbs measures. So we prove the non-collision 
property for Gibbs measures in Section [T] 


2 Set up and the main result 

Let E C be a closed set which is the closure of a connected open set in 
with smooth boundary. Although we will mainly treat the case E = R, we give 
a general framework here by following the line of [10]. Let 0 denote the set of 
configurations on E, which is defined similarly as by replacing R with E. 

A probability measure on (0, H(0)) is called a random point field on E. Let 
/r be a random point field on E. A non-negative, permutation invariant function 
Pn : E" — >■ R is called an n-correlation function of p. if for any measurable sets 
{Ai, ..., Am} and natural numbers {ki, ..., km} such that ki km = n 
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the following holds: 


r r ^ OiA-V. 

Ja';^x-xa'^ Je - ki)l 

It is known ( [10] , m,m) that, if a family of non-negative, permutation invariant 
functions {pn} satisfies 

oo ^ ^ „ N —Ijk 

S I (*Ti)T=“• 

then there exists a unique probability measure (random point field) ^ on E 
whose correlation functions equal {pn}- 

Let K : L^(E, dx) -A L^(E, dx) be a non-negative definite operator which is 
locally trace class; namely 

0<iKfJ)mE,d.p ( 2 - 2 ) 

Tr(lB_firiB) < oo for all bounded Borel set B. 

We assume K has a continuous kernel denoted by K = K{x,y). Without this 
assumption one can develop a theory of determinantal random point fields (see 
m, i); we assume this for the sake of simplicity. 

Definition 2.1. A probability measure /i on 0 is said to be a determinantal 
(or fermion) random point field with kernel K if its correlation functions are 
given by 


Pn • • • 1 ^n) — det ( K {xi , Xj ')l<ip<n') 


(2.3) 


We quote: 

Lemma 2.2 (Theorem 3 in [TO])- Assume K{x,y) = K{y,x) and 0 < K < 1. 
Then K determines a unique determinantal random point field p. 

We give examples of determinantal random point fields. The first example is 
the stationary measure of Dyson’s model in infinite dimension. The first three 
examples are related to the semicircle law of empirical distribution of eigen 
values of random matrices. We refer to [10] for detail. 

Example 2.3 (sine kernel). Let Kgjn and p be as in (11.41) . Then 

Ksin(i) = :S^/ e^’^Uk. (2.4) 

J\k\<-irp 

So the Ksin is a function of positive type and satisfies the assumptions in 
Lemma [2^ Let denote the probability measure on defined by 

(2.5) 
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where Xn = 2{'KpY/ZN'^ and is the normalization. Set o 

where — >■ 0 such that {xi, ... ,xn) = Let denote the 

n-correlation function of p^. Let pn denote the n-correlation function of p. 
Then it is known ([11] Proposition 1], [10]) that for all n = 1, 2,... 

lim p^{xi,...,Xn) = Pnixi,...,Xn) for all (xi,..., ). (2.6) 

N—yoo 


In this sense the measure p is associated with the Hamiltonian 'H in (11.61) coming 
from the log potential —2 log |a;|. 

Example 2.4 (Airy kernel). E = R and 


K{x,y) = 


A^ix) ■ A'(y) - A^iy) ■ A'^ix) 


x-y 


Here Ai is the Airy function. 

Example 2.5 (Bessel kernel). Let E = [0,oo) and 

^ _ JciVx) ■ y/y- JLiy/y) - '^«(\/y) -Vx-JLiVx) 

2{x-y) 

Here is the Bessel function of order a. 


Example 2.6. Let E = R and K{x,y) = m(a;)k(a; — ?/)m(y), where k:R—^-R 
is a non-negative, continuous even function that is convex in [0,oo) such that 
k(0) < 1, and m : R —>■ R is nonnegative continuous and m{t)dt < oo and 
m(x) < 1 for all x and 0 < m(a:) for some x. Then K satisfies the assumptions 
in Lemma 12.21 Indeed, it is well-known that k is a function of positive type 
(187 p. in [T] for example), so the Fourier transformation of a finite positive 
measure. By assumption 0 < K(a;, y) < 1, which implies 0 < AT < 1. Since 
/ K(a:, x)dx < oo, K is of trace class. 

Let A denote the subset of 0 defined by 


A = {9 G <d; 9{{x}) > 2 for some x G E}. (2.7) 


Note that A denotes the set consisting of the configurations with collisions. We 
are interested in how large the set A is. Of course p{A) = 0 because the 2- 
correlation function is locally integrable. We study A more closely from the 
point of stochastic dynamics; namely, we measure A by using a capacity. 

To introduce the capacity we next consider a bilinear form related to the 
given probability measure p. Let be the set of all local, smooth functions 
on 0 defined in Section [3] For f,g G we set D[f,g]:0—^-R by 


D[f,0]W 


1 df{x) dg{x) 

2 ^ dxi dxi 

I 


( 2 . 8 ) 


Here 9 — ^xi,^ = (a^i, ■ • •) and /(x) = /(xi,...) is the permutation invariant 

function such that f{9) = f{xi,X 2 , ■ ■ ■) for all 6 * G 0. We set g similarly. Note 
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that the left hand side of (12.81) is again permutation invariant. Hence it can be 
regard as a function oi 0 = Such / and g are unique; so the function 

D[f, g] : 0—J-R is well defined. 

For a probability measure /r in 0 we set as before 

Je 

When (£,T>ao) is closable on L'^{Q,g), we denote its closure by {£,£>). 

We are now ready to introduce a notion of capacity for a pre-Dirichlet space 
{£,'Doa,L^{Q,g))- Let O denote the set consisting of all open sets in 0. For 
O € O we set Co = {f S Poo ; f > 1 A^-a.e. on O} and 


Cap(O) 


inffG£o (f. f) + (f> } -^O 7^ 0 

00 Co = 0 


For an arbitrary subset H C 0 we set Cap(H) = inf^cOGO Cap(O). This 
quantity Cap is called 1-capacity for the pre-Dirichlet space (f, Poo, L^(0, m))- 
We state the main theorem: 


Theorem 2.1. Let fi be a determinantal random point field with kernel K. 
Assume K is locally Lipschitz continuous. Then 

Cap(A) = 0, (2.9) 

where A is given by (EH). 

In [5] it was proved 

Lemma 2.7 (Corollary 1 in [5]). Let fj, be a probability measure on 0. Assume 
fi has locally bounded correlation functions. Assume (£,'Dao) is closable on 
L^(0,/r). Then there exists a diffusion ({Pejeee, {^i}) associated with the 
Dirichlet space (£, P, L^(0,/i)). 

Combining this with Theorem 12.II we have 

Theorem 2.2. Assume g satisfies the assumption in Theorem \2.1l Assume 
(f,Poo) is closable on L^{Q,p). Then a diffusion ({Pejege, {Xt}) associated 
with the Dirichlet space (f, P, L^(0,/r)) exists and satisfies 

Pe{crA = oo) = 1 for q.e. 6, (2-10) 

where a a = inf{t > 0; X* S A}. 

We refer to [5] for q.e. (quasi everywhere) and related notions on Dirichlet 
form theory. We remark the capacity of pre-Dirichlet forms are bigger than 
or equal to the one of its closure by definition. So (I2.10p is an immediate 
consequence of Theorem 12.11 and the general theory of Dirichlet forms once 
{£, Vac) is closable on T^(0, p) and the resulting (quasi) regular Dirichlet space 
{£ ,V, Lf {Q, p)) exists. 

To apply Theorem 12.21 to Dyson’s model we recall a result of Spohn. 
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Lemma 2.8 (Proposition 4 in [llji. Let ^ be the determinantal random point 
field with the sine kernel in Examvle \2.3i Then (£, X>oo) closable on L^(Q, p). 

We say a diffusion ({ Pejege, {^t}) is Dyson’s model in infinite dimension if it 
is associated with the Dirichlet space {£, V, L^(0, ^)) in Theorem l2.8l Collecting 
these we conclude: 

Theorem 2.3. No collision (12.101) occurs in Dyson’s model in infinite dimen¬ 
sion. 

The assumption of the local Lipschitz continuity of the kernel K is crucial; we 
next give a collision example when K is merely Holder continuous. We prepare: 

Proposition 2.9. Assume K is of trace class. Then {£,Dao) is closable on 

Theorem 2.4. Let K{x,y) = m{x)k{x — y)m{y) be as in Examvle \2.6\ Let a be 
a constant such that 


0 <a<l. (2.11) 

Assume m and k are continuous and there exist positive constants ci and C 2 
such that 


< k(0) — k(t) < c|2]t“ for 0 <t < 1. (2-12) 

Then {£,Doo, L'^{Q, p,)) is closable and the associated diffusion satisfies 

Pe(CTA < oo) = 1 for q.e. 9. (2-13) 

Unfortunately the closability of the pre-Dirichlet form {£,Dao) on L^(0,/x) 
has not yet proved for determinantal random point fields of locally trace class 
except the sine kernel. So we propose a problem: 

Problem 2.10. (1) Are pre-Dirichlet forms (f,X>oo) on L^(0,/i) closable when 
fi are determinantal random fields with continuous kernels? 

(2) Can one construct stochastic dynamics (diffusion processes) associated with 
pre-Dirichlet forms {£,£> 00 ) on L‘^{<d,fi). 

We remark one can deduce the second problem from the first one (see [3 
Theorem 1]). We conjecture that (f, Poo A^(0,/r)) are always closable. As we 
see above, in case of trace class kernel, this problem is solved by ProDOsition l2.9l 
But it is important to prove this for determinantal random point field of locally 
trace class. This class contains Airy kernel and Bessel kernel and other nutritious 
examples. We also remark for interacting Brownian motions with Gibbsian 
equilibriums this problem was settled successfully ([S]). 

In the next theorem we give a partial answer for (2) of Problem 12.101 We 
will show one can construct a stochastic dynamics in infinite volume, which is 
canonical in the sense that (1) it is the strong resolvent limit of a sequence of 
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finite volume dynamics and that (2) it coincides with {£,1^) whenever (£,'Dao) 
is closable on L^(0, /r). 

For two symmetric, nonnegative forms (fi, 2?i) and (£ 2 , £> 2 ), we write (fi, 2?i) < 
{S 2 .V 2 ) if Pi P V 2 and £’i(f,f) < £ 2 if,f) for all f G Pa- Let p-'^s) de¬ 

note the regular part of {E.Voo) on L^(0,/i), that is, (£1"'®®,P"'®®) is closable on 
L‘^{Q,IJl) and in addition satisfies the following: 

(^reg^preg) < 

and for all closable forms such that {£','D') < {£,T>oo) 

{£',V') < (£:"'®s,P"'®s). 

It is well known that such a (£1''®®, P*'®*) exists uniquely and called the maximal 
regular part of {£, P). Let us denote the closure by the same symbol (f"'®®, P''®*). 
Let 71^:0—7>0 be such that 71^(0) = d(- fl {cc G E; |a:| < r}). We set 

Poo,r = {f S Poo ; f is cr[7rr]-measurable}. 

We will prove (£l,Poo,r) are closable on L^(0,/x). These are the finite volume 
dynamics we are considering. 

Let Gq, (resp. Gr,a) (a > 0) denote the a-resolvent of the semi-group asso¬ 
ciated with the closure of (£1"'®®, P™*) (resp. (£’,Poo,r)) on L^(0,/x). 

Theorem 2.5. (1) (£^^^9^ onL^(0,/r) is a quasi-regular Dirichlet form. 

So the associated diffusion exists. 

(2) Gr-,a converge to Gq strongly in L^(0,/r) for all a > 0. 

Remark 2.11. We think the diffusion constructed in Theorem l2.5l is a reasonable 
one because of the following reason. (1) By definition the closure of (f"'®®, P"'®®) 
equals (f,P) when (£l,Poo) is closable. (2) One naturally associated Markov 
processes on 0^, where 0^ is the set of configurations on En{|a:| < r}. So (2) of 
Theorem 12.51 implies the diffusion is the strong resolvent limit of finite volume 
dynamics. 

Remark 2.12. If one replace /i by the Poisson random measure A whose intensity 
measure is the Lebesgue measure and consider the Dirichlet space {£^,'D) on 
L(0, A), then the associated 0-valued diffusion is the 0-valued Brownian motion 
B, that is, it is given by 


00 

Bt = ^ Sgi , 

i=l 

where {PJ} (i G N ) are infinite amount of independent Brownian motions. In 
this sense we say in Abstract that the Dirichlet form given by (Ull) for Radon 
measures in 0 canonical. We also remark such a type of local Dirichlet forms 
are often called distorted Brownian motions. 
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3 Preliminary 


Let Ir = {—r,ry fl E and 0" = {0 G Q;9{Ir) = n}. We note 0 = ®r- 

Let /" be the n times product of Ir- We define : 0 —>■ 0 by (0) = d(- fl 

A function x: 0" —>• /" is called a /"-coordinate of 9 if 

n 

7rr(6') = ^4fc(e), x{9) = {xi{9),... ,xn{9)). (3.1) 

fc=i 

Suppose f:0—>■]& is cr[ 7 rr]-measurable. Then for each n = 1,2,... there exists a 
unique permutation invariant function /”:/"—>■ IR. such that 

f(6») = /”(x(d)) for all 9 G 0(1. (3.2) 


We next introduce mollifier. Let j :]R—)>IR be a non-negative, smooth function 
such that j{x) = j{\x\), f^djdx = 1 and j{x) = 0 for |a;| > i. Let = ej{-/e) 
and j^{xi,... ,Xn) = For a cr[7rr,]-measurable function f we set 

(Ir.ef:0-tR by 




Je * frigid)) for 9 G 0”,n > 1 
f(6>) for 6» G 0°, 


(3.3) 


where /" is given by (13.2|) for f, and /" : —>■ R is the function defined by 

fr{x) = fr{x) for cc G /" and /"(x) = 0 for a; ^ /”. Moreover x(9) is an 
/"-coordinate of 0 G 0", and * denotes the convolution in R". It is clear that 
3r,ef is fT[7rr]-measurable. 

We say a function f:0—^R is local if f is cr[ 7 rj.]-measurable for some r < oo. 
For f : 0—^R and n G N U {oo} there exists a unique permutation function /" 
such that f{9) = /"(xi,...) for all 9 G 0". Here 0" = (d G 0; d(E) = n}, and 
9 = 5xi- A function f is called smooth if /" is smooth for all n G N U {oo}. 
Note that a cr[ 7 rr]-measurable function f is smooth if and only if /" is smooth 
for all n G N. 


4 Proof of Theorem 12.2 

We give a sequence of reductions of (12.911 . Let A denote the set consisting of 
the sequences a = (ai.)rGN satisfying the following: 

Ur G Q for all r G N, (4.1) 

Ur = 2r + xq for all sufficiently large r G N, (4.2) 

2 < ui, 1 < Ur+i — Or < 2 for all r G N. (4.3) 

Note that the cardinality of A is countable by gu and gSl). 

Let I = {2,3,..., }^. For (r, n, m) G I and a = (a^) G A we set 

0 "(r,n) = { 0 G 0 ; 0 (/aJ = n} 

0"(r,n,m) = {9 G Q 9{Ia^) = n, 0(4^+i\/aJ = 0}. 
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Here Ia^+±. is the closure of where Ir = (—r, r)'^ fl E as before. We 

remark ©“^(r, n, m) is an open set in 0. We set 

A®(r, n, m) = {0 = ^ Sa:^ ; 9 G ©“^(r, n, m) and 9 satisfy (4.4) 

i 

\xi — Xj\ < e and Xi, Xj € la^-i for some i ^ j}. 

It is clear that A®(r, n, m) is an open set in ©. 

Lemma 4.1. Assume that for all a. G A and (r, n, m) G I 

inf Cap(A®(r, n, m)) = 0. (4.5) 

0<e<l/2m 

Then (12.91) holds. 

Proof. Let 

A®(r, n, m) ={9 = ^ ; 9 G ©®(r, n, m) and 9 satisfy 

i 

Xi = Xj and Xi, Xj G lar-i for some i ^ j}. 

Then A = UaeAU(,„, m)Gi n, m). Since A and I are countable sets and 

the capacity is sub additive, (1^ follows from 

Cap(A‘^(r, n, m)) = 0 for all a £ A, (r, n, m)Gl. (4.6) 

Note that A’^{r,n,m) C A^{r,n,m). So (14.51) implies (14.61) by the monotonicity 
of the capacity, which deduces (1^ . □ 

Now fix a £ A and (r, n, m) £ I and suppress them from the notion. Set 

Ar = Af/ 2 (A«,m), A, = A“(r,n,m), A+= A^+,(r, n, m). (4.7) 

and let he :R—(0 < e < 1/m < 1) such that 

f2 (|t|<e) 

he(t) = < 2 log \t \/loge (e < |t| < 1) (4.8) 

[o (l<|t|). 

We define f)e:©—by f)e(h) =0 for 9 ^ Q’^{r,n,m) and 

l)e{9) = ^ he{xi — Xj) for 0 £ ©®(r,n,m). 

Xi, Xj^lar — 1 ■, 

Here we set l)e{9) = 0 if the summand is empty. Let Here 

(lar+— e /4 f® mollifier introduced in (13.31) . 
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Lemma 4.2. For 0 < e < Ij^m, satisfy the following: 


0e G 7^00 


(4.9) 

3e{0) > 1 

for all 9 G Af 

(4.10) 

0 < 0 e( 6 ') < n{n + 1 ) 

for all 9 G Q 

(4.11) 

0.(0) =0 

for all 9 ^ Af 

(4.12) 

D[0.,0.](0) = 0 

for all 9 cf Af\Af 

(4.13) 

D[0.,0.](0) < j, - M -pw 

(loge mm\Xi — Xj\)^ 

for all 9 G Af\Af. 

(4.14) 


Here 0 — 6^^, and the minimum in (14.141) is taken over Xi, Xj such that 

Xi, Xj e e/2 <\xi - Xj\<l + e, 

and Cs > 0 is a constant independent of e /eg] depends on {r,n,m) ). 

Proof. (14.91) follows from [51 Lemma 2.4 (1)]. Other statements are clear from 
a direct calculation. □ 

Permutation invariant functions cr/:/"—>■]&+ are called density functions of 
p, if, for all bounded cr[7rr]-measurable functions f, 

[ fdp,= — [ fflalfdx. (4.15) 

Here /":/"—>■ R is the permutation invariant function such that /”(x(0)) = 
f(0) for 0 G 0/, where x is an /"-coordinate. We recall relations between a 
correlation function and a density function ( [lOj ): 

oo 1 /. 

Pn ^ ' TT / (^l 7 ■ • ■ 5 ■ • * dx^j^}^ (4.16) 

to 

{-If 


The first summand in the right hand side of (I4.16P is taken to be ct/. It is clear 
that 

0 < a^{xi, ...,Xn)< Pn{xi,. ..,Xn) (4-18) 

Lemma 4.3. There exists a constant C 4 depending on r,n such that 

cr/(a;i,... ,a:„) < c[ 4 |min jcci - XjI for all {xi,... ,Xn) & Ifl (4.19) 

Proof. By (12.31) and the kernel K is locally Lipschitz continuous, we see is 
bounded and Lipschitz continuous on /". In addition, by using (12.31) we see 


Hi 


Pn+k (^ 1 ) • ■ • ) Xn+k)dXn+l ‘ * * dXn+k 


(4.17) 
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p„ = 0 if Xi = Xj for some i ^ j. Hence by using (12.31) again there exists a 
constant C 5 depending on n, r such that 

Pn{xi,...,Xn) <mx[m\\xi- Xj\ for all (xi,..., a;„) G. (4.20) 

(|4.19|) follows from this and (|4.18|) immediately. □ 

Lemma 4.4. (|4.5I) holds true. 

Proof. By the definition of the capacity, G Poo, (14.91) and (14.101) we obtain 


Cap(Ae) < + {Qe,5e)L^e.u) 

So we will estimate the right hand side. We now see by (14.131) 


= f 

Ja 


At\A: 


n'- JB, 

:L 


i=l 


,Qe]dp. 

dgf C 
dxi dxi 


1 f „ 


(4.21) 


(4.22) 


Here g" is defined by (13.21) for g^, and He = ('^ 0 ^+—where 

ra 7 —>■ 0 is the map such that w{{xi,..., x„)) =J2dxi- 

By using ()4.14|) and Lemma 14.31 for Or + ^ it is not difficult to see there 
exists a constant Cq independent of e satisfying the following: 


I. < 


|loge| 


This implies lime_).o iS(ge, ge) = 0. By (14.111) and (I4.12p we have 


( 0 e,fle)L 2 (e./x) = / sidp, <n'^{n+if p,{Af) ^ 0 as e i 0 . 

JAt 

Combining these with (14.211) we complete the proof of Lemma 14.41 □ 

Proof of Theorem \2.1\ Theorem 12.11 follows from Lemma 14.11 and Lemma 14.41 
immediately. □ 


5 Proof of Proposition 12.9 

Lemma 5.1. Let p be a probability measure on (0,H(0)) such that p{{0{E) < 
oo}) = 1 and that density functions {cr^} on E of p are continuous. Then 
{SjVoo) is closable on L'^{Q,p). 
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Proof. Let 0” = {0 € 0; 0(E) = n} and set 


f”(f,g) = E 


ID)[f,0]dAi. 


By assumption from which we deduce (£, Poo) is the increas¬ 

ing limit of {(f",X>oo)}- Since density functions are continuous, each {£'^,'Doo) 
is closable on L^{<d,fi). So its increasing limit {£,'Doo) is also closable on 

□ 

Lemma 5.2. Let ^ be a determinantal random point field on E with continuous 
kernel K. Assume K is of trace class. Then their density functions ct” on E are 
continuous. 


Proof. For the sake of simplicity we only prove the case K < 1, where K is the 
operator generated by the integral kernel K. The general case is proved similarly 
by using a device in [ini 935 p.]. 

Let Xi denote the i-th eigenvalue of K and ipi its normalized eigenfunction. 
Then since K is of trace class we have 

OO 

^{x,y) (5.1) 

i=l 

It is known that (see [TUI 934 p.]) 

cr"'(a;i,... ,x„) = det(Id - K) ■ det{L{xi,Xj))i<ij<n, (5.2) 

where det(Id — K) = n^i(l ~ ^i) and 

Hx,y) = E 1 (5-3) 

i=l 

Since K{x,y) is continuous, eigenfunctions (/7i(x) are also continuous. It is 
well known that the right hand side of converges uniformly. By 0 < iiT < 1 
we have 0<Ai<Ai<l. Collecting these implies the right hand side of (j5.3p 
converges uniformly. Hence L{x,y) is continuous in {x,y). This combined with 
(|5.2I) completes the proof. □ 

Proof of Proposition 1^.01 Since K is of trace class, the associated deter¬ 
minantal random point field p, satisfies /r({0(E) < oo}) = 1. By Lemma [5.21 
we have density functions cr^ are continuous. So Proposition 12.91 follows from 
Lemma 15.11 □ 


We now turn to the proof of Theorem 12.41 So as in the statement in The¬ 
orem [UTU] let E = R and K(x, y) — m(x)k(x — y)m{y), where k: R— ^ R. is a non¬ 
negative, continuous even function that is convex in [0, oo) such that k(0) < 1, 
and m :R—^R is nonnegative continuous and m{t)dt < oo and m(x) < 1 for 
all X and 0 < m(x) for some x. We assume k satisfies (j2.12l) . 
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Lemma 5.3. There exists an interval I in E such that 


af (x, X + t) > cj^“ for all | < 1 and x,x + t G I, (5-4) 

where C 7 is a positive constant and a'j is the 2-density function of p, on I. 

Proof. By assumption we see m(a;) >0 for some open bounded, nonempty 

interval / in E. By (I4.17P we have 


CTj (x, x + t) > p2{x,x + t) 


P 3 {x, X + t, z)dz 


By (12.31) and (12.121) there exist positive constants cg and cg such that 

c[5]f“ < P 2 (x, X + t) for all |t| < 1 and x,x + t G I 

P 3 {x, X + t,z) < c|g]t“ for all |t| < 1 and x,x + t,z G I. 

Hence by taking I so small we deduce dSH) from (1531) and (Ell). 


(5.5) 


(5.6) 

□ 


Proof of Theorem \2.4\ The closability follows from Proposition 12.91 So it 
only remains to prove (12.131) . 

Let {S'^,V‘^) and denote closures of and (f,X>oo) onL^(0,^), 

respectively. Then 

< {£,V) (5.7) 


Let I be as in Lemma 15.31 Let {Ir\r=i,... be an increasing sequence of open 
intervals in E such that Ii = I and Urlr = E. Let 




f f dfjx) _ dgjx) 

Jq 2 4 ^ 2 dxi dxi 

^ T.A ^ /„ 


(5.8) 


Here we set x = (xi,...), / and f similarly as in (12.8|) . Then since density 
functions on are continuous, we see {£f,Vao) are closable on L^(0,/r). So 
we denote its closure by {£f,'D‘^). It is clear that {(£ 1 ^,T>^)} is increasing in the 
sense that Z) T^r+i ^ '^r+i(f)f) f ^ 'Dr+i- So we denote 

its limit by {£'^,&). It is known (E Remark (3) after Theorem 3]) that 

(f^p2) < (£.2^p2)_ (5.9) 


By (15.7p . (15.9p and the definition of {{£f,'D'^)} we conclude {£l,'D\) < 
{£,1)), which implies 


Capi < Cap, 


(5.10) 


where CapJ and Cap denote capacities of {£f,'D'l) and {£,£>), respectively. Let 
B = 0^ (~l {0({a;}) = 2 for some x G /}. Then by (12.111) and (15.41) together with 
a standard argument (see [U Example 2.2.4] for example) we obtain 

0 < Cap?(B). (5.11) 

Since B C A, we deduce 0 < Cap(A) from (15.10|) and (15.11L which implies 
(I3T31) . □ 
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6 A construction of infinite volume dynamics 

In this section we prove Theorem 12.51 We first prove the closability of pre- 
Dirichlet forms in finite volume. 

Lemma 6.1. Let Ir = (—r, r) fl E and tr” denote the n-density function on Ir- 
Then af is continuous. 

Proof. Let M = snp^ |K(a;,?/)|. Then M < oo because K is continuous. Let 
Xi = {K{xi,xi),K{xi,X 2 ),. ■. ,K{xi,Xn)) and ||xi|| denote its Euclidean norm. 
Then by (12.31) we see 


\Pu\<Y[\\^i\\<{VnM}'^. ( 6 . 1 ) 

2 = 1 


By using Stirling’s formula and (lO) we have for some positive constant cio 
independent of k and M such that 


(-1)^ 

k\ 


I Pn+k{^l 5 • 
J [k 


• • ; ^n+k)dXjij^\ * * * dx^-^f^ I 


< 


^-fc+l/2(^ + k)(n+k)/2j^n+k^ 


( 6 . 2 ) 


This implies for each n the series in the right hand side of (14.171) converges 
uniformly in (xi,..., Xn). So a" is the limit of continuous functions in the 
uniform norm, which completes the proof. □ 


Lemma 6.2. {£,'Doo,r) o,re closable on L'^{Q,iT). 


Proof. Let Ir = {x £ E; |a;| < r} and 0” = {0{lr) = n}. Let f”(f, g) = 
/q„ D[f, Q]dfi. Then it is enough to show that (f ”, 'Doo,r) are closable on y) 
for all n. 

Since f is cr[7rr]-measurable, we have (x = (a;i,..., Xn)) 


n! 


E 

2=1 


la/, 

2 


(x) a 5 ”(x) 


dxi 


dxi 


“(x)(ix. 


where /” and g" are defined similarly as after (I4.15|) . Then since af is contin¬ 
uous, we see (f",(Doo.r) is closable. □ 

Proof of Theorem, \2.5[ By Lemma [6.21 we see the assumption (A.l*) in [5] is 
satisfied. (A.2) in is also satisfied by the construction of determinantal 
random point fields. So one can apply results in (Theorem 1, Corollary 1, 
Lemma 2.1 (3) in [5]) to the present situation. Although in Theorem 1 in [5] 
we treat {£,!)), it is not difficult to see that the same conclusion also holds for 
(^’reg which Completes the proof. □ 
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7 Gibbsian case 


In this section we consider the case ^ is a canonical Gibbs measure with interac¬ 
tion potential whose n-density functions for bounded sets are bounded, and 
1-correlation function is locally integrable. If $ is super stable and regular in 
the sense of Ruelle, then probability measures satisfying these exist. In addi¬ 
tion, it is known in that, if $ is upper semi-continuous (or more generally 
$ is a measurable function dominated from above by a upper semi-continuous 
potential satisfying certain integrable conditions (see 13)), then the form {£, V) 
on L^(0,/i) is closable. We remark these assumptions are quite mild. In [5] 
and [7] only grand canonical Gibbs measures with pair interaction potential are 
treated; it is easy to generalize the results in [5] and [7] to the present situation. 

Proposition 7.1. Let /i be as above. Assume d> 2. Then Gap(A) = 0 and no 
collision (12.101) occurs. 

Proof. The proof is quite similar to the one of Theorem 12.11 Let be as in 
(|4.22|) . It only remains to show lime_>o le = 0. 

We divide the case into two parts: (1) d = 2 and (2) 3 < d. Assume (1). 
We can prove limlj = 0 similarly as before. In the case of (2) the proof is more 
simple. Indeed, we change definitions of A+ in (14.711 and dg in (14.8|) as follows: 

f2 (1^1 <e) 

Kit) = l-i2/e)\t\+4 (e<|t|<2e) (7.1) 

[O (2e<|t|). 

Then we can easily see limlg = 0. □ 

Remark 7.2. (1) This result was announced and used in [B] Lemma 1.4]. Since 
this result was so different from other parts of the paper [^, we did not give a 
detail of the proof there. 

(2) In m a related result was obtained. In their frame work the choice of the 
domain of Dirichlet forms may be not same as ours. Indeed, their domains are 
smaller than or equal to ours (we do not know they are same or not). So one 
may deduce Proposition 17.II from their result. 


References 

[1] Donoghue, W., Distributions and Fourier Transforms, Academic Press 
(1969). 

[2] Fukushima, M., Oshima, Y., Takeda, M., Dirichlet forms and symmetric 
Markov processes, Walter de Gruyter (1994). 

[3] Lenard A., States of classical statistical mechanical systems of infinitely 
many particles. I, Arch. Rational Mech. Anal. 59 (1975) 219-235. 


16 






[4] Lenard A., States of classical statistical mechanical systems of infinitely 
many particles. I, Arch. Rational Mech. Anal. 59 (1975) 240-256. 

[5] Osada, H., Dirichlet form approach to infinitely dimensional Wiener pro¬ 
cesses with singular interactions, Commun. Math. Physic. (1996), 117-131. 

[6] Osada, H. An invariance principle for Markov processes and Brownian par¬ 
ticles with singular interaction, Ann. Inst. Henri Poincare, 34, n° 2 (1998), 
217-248. 

[7] Osada, H. Interacting Brownian motions with measurable potentials. Proc. 
Japan Acad. Ser. A Math. Sci. 74 (1998), no. 1, 10-12. v 

[8] Rockner, M., Schmuland, B. A support property for infinite-dimensional 
interacting diffusion processes, C. R. Acad. Sci. Paris Ser. I Math. 326 
(1998), no. 3, 359-364. 

[9] Shirai T., Takahashi Y., Random point fields associated with certain Fred¬ 
holm determinant I (preprint). 

[10] Soshnikov, A., Determinantal random point fields, Russian Math. Surveys 
55:5 923-975. 

[11] Spohn, H., Interacting Brownian particles: a study of Dyson’s model, In: 
Hydrodynamic Behavior and Interacting Particle Systems, ed. by G.C. Pa¬ 
panicolaou, IMA Volumes in Mathematics 9 , Springer-Verlag (1987) 151- 
179. 


Address: 

Graduate School of Mathematics 
Nagoya University 
Chikusa-ku, Nagoya, 464-8602 


Current Address (2015) 

Hirofumi Osada 

Tel 0081-92-802-4489 (voice) 

Graduate School of Mathematics, 

Kyushu University 

Fukuoka 819-0395, JAPAN 

osada@math.kyushu-u.ac.jp 

submit: February 9, 2003, revised: March 31, 2003 

Partially supported by Grant-in-Aid for Scientific Research (B) 11440029 


17 



